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Abstract:

This paper deals with the regularity problem in the Almost Ideal Demand System (AIDS)
in terms of the boundedness of the budget shares within the [0,1] interval. The violation of
‘cointegration accounting’ can be seen just as another consequence of irregularity. The
discussion of modifications in the PIGLOG cost functions leads to the proposition of a
modified flexible PIGLOG formulation, from which a system of budget shares can be de-
rived, which ensures regularity and validity of ‘ cointegration accounting’. A special fea-
ture of the resulting share equations is the divergence from the time path of the AIDS
shares over time and therefore better budget share forecasts. This property is shown em-
pirically with long run forecasts from demand systems estimated for consumers demand
of some European economies.
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1 Introduction

Demand systems have become an important instrument of microeconomic research and
are an essentia part of disaggregated macroeconomic or computable genera equilibrium
models. Especially the empirical application of the Almost Ideal Demand System (AIDS)
put forward by Deaton and Muellbauer (1980) has gained scope in the past due to the
increasing use of disaggregated models for policy smulations and forecasting. The ex-
perience with these models has, however, often demonstrated the importance of regularity
in empirical applications, especidly at a highly disaggregated level. The main empirical
problem of violated regularity conditionsin an AIDS is ‘that, under large changesin rea
incomes, budget shares can stray outside the [0,1] interval’ (Rimmer and Powell, 1996).
The work of Rimmer and Powell (1996) and of Almon (1998) can be seen as two exam-
ples, where the empirical problems with regularity of the AIDS have led to the formula
tion of a completely new demand system. Cooper and McLaren (1992) also take the vio-
lation of regularity in AIDS as a starting point but propose a modified PIGLOG class of
preferences, from which amodified AIDS system (MAIDS) can be derived.

This study departs from the work of Cooper and McLaren (1992), who mention in their
work as aside aspect of non-regularity, that ‘ cointegration accounting’ is also not satisfied
in the share equation system of AIDS. Thisis an important point in the application of the
dynamic AIDS. A consistent formulation of the cointegrating equation can be seen as the
prerequisite for setting up adynamic AIDS model. Like the study of Cooper and McLaren
(1992) this study deals with ‘ cointegration accounting’ without entering explicitly in the
field of cointegration and dynamic specification. Instead, we are interested in a side aspect
of regularity: bounded budget shares on the left hand side of the equation cannot be coin-

tegrated for the whole price-expenditure space with an unbounded income variable. As a
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consequence this might lead to implausible forecasts of budget shares. This is taken as

the starting point for the derivation of empiricaly oriented specifications of PIGLOG
preferences. It is shown, that the MAIDS proposed by Cooper and McLaren (1992) satis-
fies the two conditions of regularity and ‘ cointegration accounting’. This leads to another
aternative flexible PIGLOG preferences formulation, where the budget shares are not
only a positive function of real expenditure but also a negative function of the difference
between actual rea expenditure and the expenditure level at the starting point t = 0. The
time path of the budget share for aluxury in this system is very closeto alogistic function
and the system also satisfies regularity and * cointegration accounting’. In turn that |eads to
more plausible forecasts of the budget shares. This formulation of the share equation sys-
tem comprises the AIDS as a specia case at t = 0. An empirical comparison of this flexi-
ble MAIDS with both the AIDS and the MAIDS of Cooper and McLaren (1992) is car-
ried out on an aggregated level of consumer goods for different European countries. The
resulting demand systems are used to compute long run forecasts of budget shares. The
exogenous variables for these forecasts are derived from a time series forecast for total

expenditure and prices.

2 Regularity problemsinthe AIDS

The starting point of the analysis is the PIGLOG-specification of the cost function C in

the AIDSwhich is usualy written as.

log C(u,p) = (1-u) log[a(p)] + ulogb(p)], @

where p isthe vector of prices. Lower case letters for u and ¢ denote the value of the vari-

ables 'utility’ and 'total nominal expenditure’ respectively. In (1) the functions a(p) and
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b(p) are both positive linearly homogenous (i.e. hdl) functions of prices. Deaton and

Muellbauer (1980) show that u is usually between 0 and 1 (for exceptions see the Appen-
dix of their paper), which alows them to interpret a(p) as the cost of subsistence (if uis
zero) and b(p) as the cost of bliss (u equal to one). For the ease of exposition it will be
convenient to derive the functional form that is estimated in the AIDS using the notation
of Cooper and McLaren (1992). Therefore, the functions a(p) and b(p) are replaced by

two price aggregator functions P, and P,, which are defined as follows:

P =a(p), 2
and
P, = log(b/a) = log(b) - log(a). ©)

Rewriting (1) as.

log C(u,p) = (1-u) log[a(p)] + ulog[b(p)]

= log[a(p)] —u log[&(p)] + u log[b(p)]
= log[a(p)] + u{log[b(p)] - log[a(p)]}, (4)

and inserting (2) and (3) into (4) yields the PIGLOG cost function in terms of P, and P:

log C(u,p) =log(Py) + uP>. Q)

In what follows, the elasticities of the price aggregator functions will be denoted as:
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e _dlogR . 0°log R, (6)

“ologp ki = Jlog pdlog p;

while the logarithm of real expenditure iswritten as.

R= |og(§] @)

Theindirect utility function in the case of PIGLOG expendituresis:
U = (log C(u,p) - log(Py)* (P2)™* (8)

By virtue of Shepard’s Lemma and this indirect utility function we get the Marshallian

demands stated in terms of budget shares:
WIPIGLOG =gy +euR 9

Equation (9) is the final budget share equation derived from the PIGLOG cost function.
From its formulation it becomes obvious that the bounded variable w; must at some point
stray outside the [0,1] interval if R increases. Furthermore, Cooper and McLaren (1992)
mention the aspect that (9) does not satisfy the rules of ‘ cointegration accounting’ for al
possible values of R, as the bounded variable w; is afunction of the non-bounded variable
R. We make this point explicit and assume that the time path of R can be described by a

random walk with drift process:



R=Ro + fit + 31, (10)

and
AR = fo + 1. (11)

The share equations (9) can then be written in a dynamic formulation as:

Wi =wo+ e (Bt + 371, 12)

n=1

To set up the procedure of finding a cointegrating equation between w; and R one would
start with stationarity tests (see Engle and Granger, 1987). A test on dtationarity of R
would yield that the seriesis I(1) and AR is I(0), i.e, that R is difference stationary. For
some sample range one might also end up with the result that the budget shares w; are
[(1). Running aregression of type (9) would therefore yield the stationary linear combina-

tionof wy and R;
“=Wi-&i- &R (13)

This could be taken as an acknowledgment for the starting hypothesis, that wi; and R; are
cointegrated. This procedure is currently applied in empirical work about dynamic AIDS
models before setting up the dynamic specification (e.g. Attfield, 1997). From a theoreti-
cal point of view it must be noted, however, that this cointegrating relationship only exists

for a certain sample range or — in economic terms — for a certain region of the expendi-
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ture-price space. As w; is bounded by the [0,1] interval, v cannot be stationary for the
whole expenditure-price space, or to put it the other way, a forecast based on (13) will
violate regularity in terms of the boundedness of w; . This is the point where ‘ cointegra-
tion accounting’ and regularity in terms of the boundedness of w; can be seen as interre-
lated.

Similar to the study of Cooper and McLaren (1992) our analysis focuses on the level of
the cointegrating relationship without entering explicitly in the empirical application of
cointegration. Another aspect of the problem of regularity and ‘ cointegration accounting’
can be seen in the violation of the homogeneity restriction, a result repeatedly found in
empirica studies on estimating cointegrating AIDS models (see e.g. Ng, 1995). This as-
pect is aso obvious from (9) and has already been mentioned by Cooper and McLaren
(1992, p.658): ,,...the PIGLOG share equations do not satisfy cointegration accounting
unless the homogeneity restrictions on &; and the &; are relaxed, a possibility that may
explain the frequent rejection of homogeneity restrictions in non-regular models such as
AIDS".

The properties of AIDS which lead to the violation of regularity can also easily be seenin
the derivatives of (9). The response of the budget share to growth in expenditureis
owi/dlog € = &; . A constant response of the budget share must at some point of the price-
expenditure space lead to irregularity. The same result can be obtained by looking at the
time path of the budget shares, which is driven by the linear deterministic change [, such

that owi/ot can be derived from (9) and (10) as:

oW,
ot

=&y :30 (14)



From (14) the link between the violation of regularity and of ‘cointegration accounting’
becomes obvious again. At some point t the budget shares wi; must lie outside the [0,1]
interval, because the deterministic component of the random wak model ow;/ct is a con-

stant and 6°wi/6%t = 0.

3 Maodified formulations of the AIDS (MAIDS)

Cooper and McLaren (1992) propose an dternative PIGLOG formulation of preferences,
which alows the derivation of a system with bounded budget shares given rising expendi-

ture. They propose the following alternative cost function (with the same notation as in

4):

log C(u,p) = logP, +U—P2 (15)

[Cu, p)f

where P; is a homogenous of degree one function in the vector of prices p and P, is a
homogenous of degree ¢ function in p. The indirect utility function for this modified

PIGLOG (MPIGLOG) specificationis:

U(e,p) =[log (c/P1) ] (¢”/ P2) (16)

The PIGLOG specification of AIDS described in (5) and (8) can be seen as a special case

of (15) and (16) whenever ¢ = 0. Cooper and McLaren (1992) derive the restriction
0< ¢ < 1fromadiscussion of regularity of the indirect utility function. We will limit our-

selves in this study to discuss regularity by directly analysing the budget share equations
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of a demand system. Using again the easticities of the price aggregator functions, the
solution of Cooper and McLaren (1992) for the share system is derived by applying

Shephard’s Lemma and Roy’ s identity:

_& +&,R 17)
1+ R

Wit
In (17) the redtrictions Ziey; = 1 and Xigy = ¢ apply, which follow from P; = hdl (ho-
mogenous of degree 1) and P, = hd¢ (homogenous of degree ¢). The result derived above
for the AIDS model — that the boundedness of wi; can be achieved at the expense of relax-
ing the homogeneity restrictions on &; and &; — becomes again obvious from (17). In the
region c> P; the restrictions &; > 0 and &; > 0 are sufficient to guarantee 0 <w; <1. It
also becomes obvious that w; is not only a positive function of the (1) variable R deter-
mined by &; asin (9), but aso a negative function of R determined by the value of ¢ and

the response of the budget share to growth in expenditure, owi/dlog c, is not a constant:

oWt _ £ —Witd
dlogc  1+¢R

(18)

The insight, that the budget shares of MAIDS are bounded can also be derived from the

time path of w; compared to thetime pathin AIDS:

OWit _ £2i o — Wit#fo (19)
ot 1+¢Ry+pfBot
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where dwi/ét is not a constant as in (11) and 6°wi/6°t has the opposite sign of owi/ét.
The time path of the budget share in AIDS (11) can again be derived as a specid case
when ¢ = 0.

The specification of the cost function proposed in this paper picks up the idea of Cooper
and McLaren (1992) in that an empiricaly oriented demand system can be a modification
of the AIDS specification. In a more recent paper the same authors (Cooper and
McLaren, 1996) show another genera PIGLOG specification, from which AIDS and the
linear expenditure system (LES) can be derived as special cases and which aso ensures
regularity. We propose a modification of AIDS, where (i) the share equations guarantee
regularity as far as the boundedness of the shares is concerned, (ii) the static specification
fulfills the rules of ‘ cointegration accounting’, and (iii) the PIGLOG preferences formula
tion aswell as the derived share equations of AIDS can be seen as a specia case. We start

from the following modif ication of the indirect utility function:

Ui (cupy) = [ log (¢ Py ] ((cdc*)” /P2y) (20)

where ¢* may be seen as areference value of expenditure similar to the minimum income
level in the linear expenditure system. In (20) we choose a dynamic formulation taking
into account that R is atime series following a random walk with drift process and we are
interested in anaysing regularity and the validity of ‘ cointegration accounting’ simultane-
ously. The PIGLOG specification of AIDS described in (8) can asin MAIDS be seen asa
specia case of (20) for the trivia case that p = 0. The share equations can again be de-
rived by applying Shephard’s Lemma and Roy’s identity. For this purpose we define the
reference vaue c* as a certain level of expenditure within the sample range. Since c* is
having the character of a minimum value we propose that it should be specified such that

log ¢* = Ry and Ry = log(co/P1,0). Hence, the share equations are written as.
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- E]j + Ezi Rt (21)
1+ pR = pRy

Wit
where again Zi&; = 1, but where the restriction for &; depends on time now: Xigi = p (1 -
Ry/ R). Asin MAIDS we derive the bounded variable wi; in (21) as a non-linear function
of the I1(1) variable R. There is another particular limiting case in the share equations,
when AIDS nests this flexible MAIDS formulation, namely at R = Ry. So it is a special
feature of the derived share equations that they begin to diverge from the time path of the
AIDS shares from t =0 on. The difference (R - Ro) plays an important role in the deter-
mination of wi.. From (10) we know that R follows a random walk plus drift process, and

hence this difference is a function of t due to the deterministic trend component .

t
Ry —Rg = ot + )7, (22)

n=1

Thereis adirect feed back therefore in (22) from the deterministic trend component /4 on
the shares as expenditure R; grows. This feed back depends also on p and ensures bound-

edness and the validity of ‘ cointegration accounting’. The response to growth in expendi-

ture and the time path of the shares are given by:

oWy _ EpiPWh i Pt (23)
dlogc 1+ pR —pRy 1+ pBot

W €2 Bo — Pt o (24)

ot 1+ pﬂot
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That means that if we look at a dataset for aluxury, which starts with very small values

of the share, the time path at the beginning will be very smilar to the one implied in
AIDS (equation (9)). The most important feature of the resulting share equations of the
proposed flexible PIGLOG formulation therefore is the process of divergence from the
AIDS shares ast increases, while AIDS isthe limiting case at t = 0. Thisis achieved at the

expense that the restrictions for additivity concerning &; become time varying.

4  Empirical application of demand systems

In order to alow for an empirical estimation of the derived demand systems specific func-
tional forms of a(p) and b(p) must be chosen. Following Deaton and MuelIbauer (1980)

the functional forms appear asin (25) and (26) below:

n 1 n m .

loga(p) =logP; =2+ > e logp; +2 3" > % logp;log p, (25)
i=1 i=1j=1

and
n

logb(p) = loga(p) + bo [ | p/* (26)

i=1

That is, log[a(p)] is a trandog-function and f(p) is a Cobb-Douglas type function. The

elagticities of the price aggregator functions are easily derived as.
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n
gj/jAIDS:ai"'Z?/ijIngj (27)
j=1
and
enS = (28)
In line with most empirical applications it is furthermore assumed, that the translog price
index P, can be approximated by a known price index, thereby making use of the collin-

earity of prices (see e.g. Deaton and Muellbauer, 1980, p. 316, or Green and Alston,

1990). For this purpose the geometric price index P* of Stone (1954) is used:

logP" = ZWk log py (29)
k
It follows, that the well known budget shares equations for the AIDS are then obtained as:

wAPS =g+ 3 log pj + Iog(P—C;) (30)
j

Assuming the same empirical specifications of the price aggregator function P; and P, the
budget shares of the MAIDS of Cooper and McLaren (1992) then take the following

form:

-1
wMAIDS —[ao +Zyij logpj + /3 Iog[§)11+ 77( :* D (31)

J



Finaly, the budget shares of the dynamic modified AIDS are derived as:

-1
wMMAIDS _ {0{0 + 7ilogp; + 4 Iog(i*)IlJr p(i*)— p[c—o]] (32)
; P P P

14

where ¢y and P, correspond to the respective values of expenditure and the Stone price

index at the beginning of the sample period used for estimation.

When the budget share equations (30), (31), and (32) above shal satisfy the standard

properties of demand functions, three sets of restrictions have to be implied on the esti-

mated parameters. First, in order to satisfy the adding-up condition it must hold true that:

n n n

Y =1 Y5 =0 3 5=0 (33

i=1 i=1

Homogeneity in prices and total expenditure is assured if:
2.7 =0. (34)
j=1

Finally, symmetry of the Slutsky equation is attained by:

Vi =7iio (35)

since % = YAu* + xi*) = ¥i. So far the properties of homogeneity and symmetry could be

imposed on the demand system by placing restrictions on the parameters, while Additivity
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will be satisfied automatically once the data add up perfectly. The Negativity condition,

however, can only be checked by directly observing the elements s; of the Slutsky matrix.
We estimated these demand systems at a rather aggregated level of goods (excluding en-
ergy) for different European countries using the OECD Nationa Accounts database. The

empirical estimation involvesatotal of five commodity groups:

1 Food, Beverages, Tobacco
2 Clothing and Footwear
3 Recreation and Culture
4 Restaurants and Hotels

5 Other Goods and Services

The necessary data to make estimation feasible of course involve the outlays on the re-
spective commodity group in both nominal aswell asreal terms. In addition to the estima-
tion framework outlined in equations (30), (31) and (32) above, the empirica application
of the MAIDS and dynamic MAIDS involves two ‘aggregation-variables (see Cooper
and McLaren, 1992, who find that the inclusion of variables approximating the income
distribution appears to be appropriate when applying the theoretical framework to aggre-
gated data), which were chosen to be the unemployment rate as well as the consumer
price index. Both variables are added with two separate coefficients on the right hand side
of equations (30-32), with the coefficients of each variable being restricted to sum up to
zero over the eguations to secure additivity. Demand systems have been estimated for

Austria, Denmark, and Finland.

The estimation setting is the following. First, the three models as stated by (30) to (32)

(with the addition of aggregation variables for the MAIDS and dynamic MAIDS as men-
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tioned above) were estimated as systems (SURE estimation) using Version 4.1 of the
EViews software package. All estimation is conducted by imposing the symmetry as well
as homogeneity restriction on the respective systems (results are available from the au-
thors upon request).

In order to compare the different long run dynamics of budget shares implied by the dif-
ferent demand systems, we carried out a smulation experiment. Our main hypothesis here
is that boundedness of the budget shares and validity of 'co-integration accounting’ are
linked. Aslined out in (10) income or total expenditure follows a random walk with drift
process. Therefore we carried out a short time series anaysis in order to determine the
trends in income according to AR, = % + 7 as formulated in (11). First of all we tested
(with ADF), whether the series were 1(1) and we then filtered out the corresponding trend.
The same procedure was applied to the time series of prices, which were also determined
as 1(1) processes. After forecasting these exogenous time series up until 2050 the esti-

mated models were used to forecast the time path of each budget share.

The following figures depict the budget shares forecasts from selected models estimated
for Austria, Denmark and Finland. The projections of budget shares run up to 2050.

In turning to the models forecasts it becomes immediately obvious, that none of the
budget shares projected by the AIDS (or any other modelling framework) in any of the
countries violates the [0,1] interval. This holds true even though the time horizon used for
projections in this study comprises around 50 years, which can clearly be considered a
long-term horizon. The biggest change projected for a budget share is that for consump-
tion group 1 in the AIDS mode for Denmark, whose value is forecast to decrease from
0.30 in 2001 down to 0.12 in the course of the fifty years. Referring to this it must not,
however, be concluded, that the potential violation of the [0,1] interval is not relevant

empirically. This result rather appears to be greatly influenced by the equal size-
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distribution of the budget shares chosen in this study. Considering e.g. the setting for
Austria in the year 2000 it becomes obvious, that four out of the five groups amount to
values between 0.19 and 0.25 (with budget share 2 being the exception at 0.11). Thisis
not an unusual setting giving the purpose of the models application, namely their incorpo-
ration within a larger modelling framework, implying that the consumption models must
capture the whole range of commodities available. In contrast to this, however, empirical
studies often wish to deal with some specific commaodities or much smaller groups of
consumption goods (such as e.g. the consumption pattern regarding different types of
mest). In such a setting one islikely to start with a much more unequa distribution of the
relative size of the budget shares under investigation. As the empirical results show, the
inherent tendency of the AIDS to violate the [0,1] interva is not particularly relevant
when the budgets shares comprise broad groups of commodities as is the case in this
study — it seems to be likely, however, that the rather equal distribution of the budget
shares gresatly influences this result. Nevertheless the modified AIDS models revea an
advantage compared to AIDS as far as plausibility of forecasts is considered. The time
path of a bounded budget share significantly differs from the time path of an unbounded
budget share.

The results shown in Figure 1-3 document, that both the MAIDS as well as the dynamic
MAIDS bring forth significantly different forecast of future budget shares than does the
AIDS. Across countries this might best be shown by means of commodity group 1, which
is of course a necessity showing decreasing relevance in the overall expenditure pattern of
all countries. It was mentioned, that group 1 in the AIDS model for Denmark exhibits a
rather strong decrease, but the same aso holds true for Austria and Finland. The MAIDS
and dynamic MAIDS, however, are clearly capable of projecting a much more plausible
course of the budget share in al countries. The projection for budget share 2 in Denmark

and Austria are another case in point. In the AIDS mode for Austria, the share decreases
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from dlightly below 0.11 in 2000 to around 0.05 in 2050, the respective values for

Denmark are 0.09 and 0.06. Moreover, the course of the forecast reveds, that the pro-
jected decrease is getting larger over the years. This pattern can often be observed in the
AIDS models projections, consider e.g. budget share 4 in Austria's modd or budget
shares 3 and 5 in the one for Denmark. When comparing the MAIDS with its dynamic
counterpart, it turns out that the latter reveals an even more moderate pattern in amost all

cases, with the budget share 4 in Austriaand Finland being the only exceptions.

5 Conclusions

In this study we derive empirically oriented specifications of PIGLOG preferences. It is
shown, that the MAIDS proposed by Cooper and McLaren (1992) as well as our dynamic
MAIDS satisfy the two conditions of regularity and * cointegration accounting’. The time
path of the budget share for aluxury in dynamic MAIDS is very close to alogistic func-
tion. It can be further be shown, that the MAIDS systems describe more general cases of
demand and preferences and comprise AIDS as a specia case.

We tested our model empirically on an aggregated level of consumer goods for different
European countries. The resulting demand systems were used to compute long run fore-
casts of budget shares. In summarizing it can be said, that even though the potential viola-
tion of the [0,1] interval by the AIDS modd is not an empirical problem in the setting as
applied in this investigation, both the MAIDS and especialy the dynamic MAIDS intro-
duced in this paper are capable of projecting a much more plausible time path of budget
shares. The dynamic MAIDS — quite expectedly, given its specification — turns out to
produce even more restrained results as compared to the MAIDS. There is therefore a

twofold advantage of the dynamic MAIDS over AIDS: (i) MAIDS sdtisfies cointegration
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accounting and is therefore more appropriate from a theoretical point of view and (ii)

MAIDS guarantees more plausible forecasts of budget shares.
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Figure 1. Smulation results for Austria
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Figure 2: Smulation results for Denmark
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Figure 3: Smulation results for Finland
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